We study the electromagnetic (EM) field in the shadow cast by a large opaque sphere. For this, we consider the scattering of a high frequency monochromatic EM wave by the large sphere and develop a Mie theory that accounts for the presence of this obscuration. Applying fully absorbing boundary conditions, we find a solution for the Debye potentials, which we use to determine the EM field in the shadow in the wave zone at large distances from the sphere. We use the standard tools available from the nuclear scattering theory to develop the wave-optical treatment of the problem. Based on this treatment, we demonstrate that there is no EM field deep in the shadow, except for the field that is diffracted into the shadow by the edges of the sphere, as anticipated.
Following closely the derivation presented in [4] , we now consider a solution to these equations. In the case of the sphere's static, spherically symmetric geometry, solving (1)- (2) is quite straightforward. We obtain the complete solution of these equations in spherical coordinates (r, θ, φ) in terms of the electric and magnetic Debye potentials [4] , e Π and m Π, as 
where k = 2π/λ is the wavenumber for the incident EM wave with wavelength λ. Both of the potentials 
In spherical coordinates, the solution to Eq. (6) is typically [4] obtained by separating variables:
In the following, we may also make use of the cylindrical z-coordinate, related to spherical coordinates by z = r cos θ. Direct substitution into Eq. (6) reveals, after some algebra, that the functions R, Θ and Φ satisfy the following differential equations:
The solution to (10) is given as usual [4] : 
with β = m 2 , and with a m and b m being integration constants. Equation (9) is well known for spherical harmonics. Single-valued solutions to this equation exist when α = l(l + 1) with (l > |m|; l, m ∈ Z). With this condition, the solution to (9) becomes Θ lm (θ) = P (m) l (cos θ).
Given these solutions, equation (8) for the radial function takes the form
The general solution to this equation is well known [4] and may be given in terms of the Riccati-Bessel functions ψ ℓ (kr) and χ ℓ (kr) (see discussion in Appendix A) as
where c ℓ and d ℓ are arbitrary constants. As the function ψ ℓ (kr) is regular everywhere, including the origin and the function χ ℓ (kr) has a singularity at the origin, it is ψ ℓ (kr) that is suitable to represent the field inside the sphere [3, 4] . Therefore, to represent the EM field outside the sphere, we choose c ℓ = 1 and d ℓ = 0. We adopt the geometry from discussions of the Mie problem [4] . Thus, the source is located at a large distance from the sphere along the z-axis, which goes through the center of the sphere and is parallel to the direction of propagation of the incident wave. The incident plane EM wave, ∝ e ikz , is emitted by a source located at large negative z-values and, after passing by the sphere, it propagates toward positive z-values. Geometry of the scattering problem. Body-centric spherical polar coordinate system (r, θ, φ) (suppressed) as well as the z and x coordinates used to describe the diffraction of light on a large opaque sphere.
Next, we require our solution to (6) to satisfy the asymptotic boundary condition at negative infinity by matching the incident plane EM wave ∝ e ikz . As a result, collecting (11) , (12) and (14), in the vacuum and because of the spherical symmetry of the problem, the solutions for the electric and magnetic potentials of the incident wave, e Π 0 and m Π 0 , may be given in terms of a single potential Π 0 (r, θ) (see [2, 4] for details):
where E 0 characterizes the energy density of the unperturbed EM wave at the source and P
(1) ℓ are the associated Legendre-polynomials. To obtain the components of the EM field in the spherically symmetric and static geometry, we need to construct the following expressions (as was shown in [2] ):
and insert them into
We will use these expression to study the EM field in the shadow produced by the large sphere.
III. DIFFRACTION OF LIGHT BY A LARGE SPHERE

A. Fully absorbing boundary conditions
We consider parallel rays of light traveling in the z-direction, passing by a large sphere of radius R 0 ≫ λ. Each ray is characterized by its impact parameter b with respect to the sphere. We consider an opaque sphere for which the rays with impact parameter b ≤ R 0 are completely absorbed by the sphere. In other words, we have the situation where all the radiation intercepted by the body is fully absorbed by it and no reflection or coherent reemission occurs. All intercepted radiation will be transformed into some other forms of energy, notably heat.
The observation above allows us to formally introduce the fully absorbing boundary conditions. To do this, we turn our attention to (15) and remember that it was obtained by solving the wave equation (6) . In quantum mechanics (6) is identical to the time-independent Schrödinger equation [15, 16] of a free particle. Thus, the index of summation ℓ in (15) represents the quantum mechanical momentum for the ℓ-th partial wave. In classical scattering theory [9, 13, 16] , the impact parameter b is related to the quantum mechanical partial wave ℓ as k b = ℓ(ℓ + 1) ≈ ℓ + 1 2 . This semiclassical analogy between b and ℓ is useful to introduce our boundary conditions. For this, we identically rewrite Π 0 (r, θ) from (15) as
where ζ (±) ℓ are related to the Riccati-Bessel functions by ζ correspond to radially incoming (∝ e ikr ) and radially outgoing (∝ e −ikr ) EM waves, respectively. To implement the fully absorbing boundary conditions, it is convenient to introduce the image plane that is positioned at a large, positive-z distance from the sphere and to consider the EM field in this plane (see Fig. 1 ). Finally, we require that no radially incoming EM waves reach the image plane for rays whose impact parameters b ≤ R 0 or, equivalently, for partial momenta ℓ ≤ kR 0 . We implement these fully absorbing boundary conditions by subtracting the radially incoming waves for ℓ ≤ kR 0 from the incident wave (as was discussed in [2] ), which results in
Consider the field at a large distance r ≫ R 0 from the sphere. In this case, for kr ≫ ℓ(ℓ + 1), the asymptotic behavior of the function ζ (+) ℓ (kr) from (21) (as was shown in [2] and directly calculated by (A8)) is given as
Using (22) to represent the asymptotic behavior of ζ
The first term in (23) is the Debye potential representing the incident plane wave [4] (this solution may be derived from the solution obtained in [2] ). The second term is responsible for the geometric shadow behind the body.
Introducing the obscuration amplitude,
allows us to present the Debye potential in the following compact form:
where Π ob (r, θ) is the Debye potential representing a fictitious the EM field due to the obscuration. This fictitious EM field is a very useful concept. As shown below, it allows the application of well developed methods of nuclear scattering theory in describing the spherical obscuration. This field is induced by the material within the sphere to precisely match the incident EM field, so that the total EM field on the image plane vanishes. Eq. (25) is our main result, as it contains all information needed to describe propagation of monochromatic EM waves in the vicinity of a large opaque sphere.
B. Debye potential in the shadow
To evaluate f ob (θ) from (24), we use the asymptotic representation for P (1) l (cos θ) from [17] , valid when ℓ → ∞:
This approximation can be used to transform (24) as
At this point, we may replace the sum in (27) with an integral:
and evaluate this integral by the method of stationary phase. This method allows us to evaluate integrals of the type
where the amplitude A(ℓ) is a slowly varying function of ℓ, while ϕ(ℓ) is a rapidly varying function of ℓ. The integral (29) may be replaced, to good approximation, with a sum over the points of stationary phase, ℓ 0 ∈ {ℓ 1,2,.. }, for which dϕ/dℓ = 0 (and defining
The ℓ-dependent part of the phase of (28) is of the form
The phase is stationary when dϕ ± /dℓ = 0, which implies
In the semiclassical approximation of the theory of particle scattering (for discussion, see [9, 13] ), ℓ represents partial momenta, related to the impact parameter and the wavenumber by
For small angles θ (or, large distances from the sphere, R 0 ≪ r), Eq. (32) yields ± sin θ = −b/r. As a result, we see that the points of stationary phase satisfy the equation
which is the equation for a family of parallel straight lines. The largest value of the impact parameter for (28) is b = R 0 . The two lines given by R 0 = r cos(θ ∓ π 2 ) represent the boundary that coincides with two rays of light that are just grazing the sphere on opposite sides while traveling the forward direction, 0 ≤ θ ≤ π 2 , setting the boundary of the geometric shadow behind the sphere. Let us demonstrate that there is indeed no EM field in the shadow behind the sphere. For this, we continue to evaluate the integral in (28) using the method of stationary phase. From (32), we determine
which allows us to compute
As a result, for each of the two areas with respect to the z-axis-above it given by "+"-sign and below, given by "−"-sign-we obtain
which results in the following expression for the Debye potential of the scattered wave:
Putting this result into (25), we have
In Eq. (15), Π 0 (r, θ) was presented in the form of an infinite sum. To evaluate Π 0 (r, θ) further, it is helpful to obtain a closed form expression. To this purpose, following the method presented in [2] , we use the E r component of the incident plane EM wave (see [4] ):
where ψ 0 (r, θ) = E 0 e ikz is the incident scalar wave (see details in [2] )
This result yields the following equation for the incident wave Debye potential Π 0 :
We may now integrate this equation with respect to θ to obtain
where c(r) is constant with respect to the integration variable θ. Integrating again from π to θ, we have
Given ψ 0 (r, θ) = E 0 e ikz , we can evaluate the integral (44) as Π 0 (r, θ) = E 0 k 2 r sin θ e ikr cos θ − e −ikr + c(r)(cos θ + 1) .
Using c(r) = − 1 2 (e ikr − e −ikr ), we satisfy the requirement for Π 0 to be finite for any θ and obtain the following expression for the Debye potential:
(Note that an identical expression may be obtained from the solution found in [2] by taking the limit r g → 0.) Substituting this expression into (39), we obtain the Debye potential in the shadow behind the sphere:
Using this result in (16)- (18), we confirm that these expressions all vanish in the shadow: 
As α = β = γ = 0, according to (19) , the EM field is absent: there is no light in the shadow. At the same time, for impact parameters b > R 0 , the EM field is given fully by the incident wave, with the Debye potential Π 0 (r, θ) from (15) or, equivalently, from (46). This field will diffract into the shadow with usual diffraction-limited divergence angle of ∼ λ/D 0 , where D 0 is the diameter of the spherical obscuration.
C. EM field in the shadow
To verify the results obtained above, we compute the fictitious EM field produced by the obscuration. The corresponding Debye potentials for the obscuration field take the form
with f ob (θ) given by (24). We will use (51) to derive the components of the EM field produced by the scattered wave in the wave zone. Indeed, using (16)- (18) for the components of the EM field (19), we have E r = H r = O(r −2 ) and the rest of the components are given as
Using (24), we may rewrite the subexpression in curly braces as follows:
Introducing the obscuration amplitude function
we can present (52)- (53) as
To evaluate the magnitude of the amplitude function S(θ), we need to establish the asymptotic behavior of the expressions involving Legendre-polynomials in (55). There are exit two relevant expressions [5] : one is for fixed w = (ℓ + 1 2 )θ and ℓ → ∞, which is given as:
The area with θ ≈ 0 is in the region of the geometric shadow behind the sphere, these approximations are not very useful. However, there exists another form for the expressions for the asymptotic behavior of π ℓ (θ) and τ ℓ (θ). For fixed θ and ℓ → ∞ we have [5] π ℓ (cos θ) = P
(1)
For any large ℓ, formulae (59)-(60) are insufficient in a region close to the forward direction (θ = 0). In the forward region they are complemented by the asymptotic formulae (57)-(58). More precisely, the formulae (59)-(60) hold for sin θ ≫ 1/ℓ and those given by (57)-(58) hold for θ ≪ 1. The overlapping domain is 1/ℓ ≪ sin θ ≪ 1.
Considering (59) and (60), we see that τ ℓ is ℓ sin θ times larger than of π ℓ ; for most angles except the near forward direction, this represents a difference of an order of magnitude or more. Thus, we may neglect the contribution of
which we evaluate using the method of stationary phase. Representing (61) in the form of an integral over ℓ, we have
and the ℓ-dependent parts of the phase, ϕ ± (ℓ), is identical to (31), allowing us to borrow some of our earlier results. Using (35)-(36) as we apply (29)- (30) to (62), we have
with the "+"-sign and "−"-sign respectively representing areas above and below the z-axis. Therefore, the expression for the S ± (θ) takes the form
With this result, (56) becomes
At the same time, the non-zero components of the incident EM field due to the Debye potential Π 0 are given by
As a result the total EM field, given by the sum of (65)- (66) and (67), vanishes near the optical axis for sin θ ≫ ℓ.
D. EM field on the optical axis
To compute the field exactly on the optical axis, for θ = 0, we use the expression for the total Debye potential behind the sphere, for impact parameters b ≤ R, which may be derived from (21) as
Similarly to (22), we take the asymptotic behavior of the function ζ 
Using this expression, we transform (68):
The corresponding Debye potentials for the obscuration EM field in this case take the form
with obscuration amplitude f (−) ob (θ) having the form
We use (71) and (72) to derive the components of the EM field produced by the scattered wave in the wave zone. Indeed, using (16)- (18), for the components of the EM field (19), we have E
) and the rest of the components are given as
Using (72), we may rewrite the expression in curly braces as follows:
Introducing the amplitude function
we can present (73)-(74) as
To evaluate (76), we use expressions (57)-(58), that result in
Taking θ = 0, we see that S (−) (θ) = 0 and thus, the entire EM field (77) also vanishes on the optical axis.
IV. DISCUSSION AND CONCLUSIONS
In this paper, we presented a flexible wave-theoretical description of the shadow cast by a large, fully absorbing sphere in the presence of a high frequency monochromatic plane incident wave. We presented the EM field in terms of Debye potentials. We then turned to Mie theory, utilizing a series expansion to represent the incident and scattered waves. We utilized the properties of the Riccati-Bessel functions to demonstrate that there is, indeed, complete cancelation in the shadow: the electromagnetic field vanishes in this region.
Specifically, in Sec. III B we have shown that the application of the fully absorbing boundary conditions introduced in Sec. III A leads to a complete geometric shadow behind the sphere. This shadow is given by R 0 = r cos(θ ∓ π 2 ), which, in the chosen axially-symmetric coordinate system, represents a cylinder with a diameter set by the straight lines representing the rays of light that are just grazing the sphere. This is the geometric shadow for which the rays trajectories (34) with the impact parameters within the range of 0 ≤ b ≤ R 0 are forbidden. On the other hand, the rays with impact parameters b R 0 + λ (from (33)), are fully transmitted towards the image plane.
In Sec. III C we explored the geometric shadow by looking for the EM field in the area close to the optical axis for θ ≈ 0 and in Sec. III D we searched for light exactly on the axis where θ = 0. We were able to demonstrate that the results derived within the geometrical optics approximation and those achieved with the wave-optical treatment yield the same conclusion: the EM field is vanishing everywhere behind the sphere. Thus, there is no light in the shadow.
The exception is the EM field that is diffracted into the shadow by the edges of the obscuration. In accord to the classical diffraction theory (e.g., [4] ), the corresponding light wanders inside the shadow with the usual diffractionlimited divergence angle of ∼ λ/D 0 . For the SGL this ratio is λ/D 0 ≪ 1; in addition, the solar boundary is very turbulent, so these effects were not discussed here. On the other hand, one could easily incorporate in the analysis effects related to the diffraction of light on the sharp edges of a sphere by using the tools developed here.
In addition, we note that the fully absorbing boundary conditions do not capture the interaction of light at the physical surface of the sphere. As a result, these conditions do not yield a description of the spot of Arago. Although this task is beyond the scope of the present paper, one may incorporate this feature into the wave-optical treatment presented here by using, for instance, the approximation scheme introduced in [6, 18] .
Finally, instead of the fully absorbing boundary conditions, one may choose a different set of boundary conditions associated with the sphere. For instance, the sphere may allow for some light transmission, it may have smooth surface and permit some re-emission, etc. By way of example, semitransparent boundary conditions discussed in [19] would result in a phase shift for the fictitious EM field introduced by the obscuration. To implement such boundary conditions, following the logic given by (21), one would have to multiply the incoming wave (i.e., the wave that behaves as ∝ ζ (+) ℓ ) by the function that encapsulates the properties of the boundary and subtract the result from the incident EM field; once that is done, just follow the approach presented here to find the resultant EM field. This approach may have some practical applications for detecting light behind an obstacle and will be explored further.
The wave-optical treatment presented here allows one to create a description of the scattering of light by a large sphere that can be readily extended to incorporate other effects such as those due to surrounding medium. Specifically, as we look forward to developing a full wave-theoretical description of the SGL [1, 2] , our objective is to develop an approach that can allow one to incorporate the gravitational effects on light produced by an extended body, as well as the effects of solar plasma. This work is on-going and the results, once available, will be published separately.
